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involved several assumptions in the evaluation of 
complicated lattice sums in reciprocal space, and, as 
the parameters are derived from the difference of terms 
in the potential energy, such discrepancies could easily 
arise. Detailed calculations in the manner of those made 
by Wolfe & Goodman (1969) would probably be 
required for each metal to give better agreement. 
Finally, it must be emphasized that the values obtained 
for the anharmonic term have been derived with the 
theoretical harmonic factors assumed to be correct and 
a 1% error in the latter would lead to a 15% error in 
the (m e + m~2) term. 

Conclusion 

The application of the Mbssbauer effect in the measure- 
ment of elastic Bragg scattering intensities free from 
inelastic phonon scattering contributions enables the 
Debye-Waller temperature factor to be found to 
sufficient accuracy to allow estimates of the amount 
of anharmonicity present in the atomic vibrations. The 
variation of the scattered intensities for a number of 
Bragg peaks was measured from 300 up to 900 K for 
aluminium and to 1200 K for copper single crystals and 
estimates of parameters arising from the non-Gaussian 
distribution of the thermal displacements at the higher 
temperatures were made and compared with theoretical 
estimates. The agreement with the general formulae 
derived by Maradudin & Flinn (1963) was poor, but 
values derived from the more sophisticated treatment 
used by Wolfe & Goodman (1969) were much closer. 
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I n t r o d u c t i o n  

In the previous paper (Martin & O'Connor, 1978; 
referred to as paper I), the M6ssbauer effect was used 
to separate the elastically and inelastically scattered 
components present in Bragg diffraction peaks in 
copper and aluminium, and from the temperature de- 
pendence of the elastic part calculations were made of 
the mean square atomic vibrational amplitudes. In the 
present work, similar measurements were carried out 
on the alkali halide crystals KCI, NaC1, KBr and LiF. 

T h e o r y  

The intensity of a Bragg diffraction peak I(Q) can be 
derived from a sum over the atomic scattering factors 
fp including the appropriate phase factors, 

I(Q) = [ Z  ~f4pexp[iQ.(rn + rp + Up)]l 2, (1) 
p n 

where Q is the scattering vector equal to the difference 
between the wave vectors of the incident and scattered 
),-rays, and rp and Up represent the equilibrium position 
of the pth atom with respect to a primitive lattice point 
r n and its displacement from that position. 

When applied to a diatomic molecule set in a cubic 
lattice the expression is simplified, for the reflections 
from the two types of atoms are either in phase (sum- 
mation spectra) or out of phase (different spectra). The 
elastic intensities in the two cases are then given by: 

IsuM= Ep(O)lfl exp(--Wl) + f2exp(-W2)f  z (2) 
and 

It)ivF = Ep(0)lf~ exp(--W~)--fz exp(-W2)l 2, (3) 

where the temperature dependence is expressed in terms 
of the Debye-Waller factor: 

exp (-Wp) = exp [---~(Q. up)2)] 

- exp (4) 

where 0 is the Bragg angle, 2 is the wavelength of the 
y-rays, p(O) is an angle-dependent factor taking account 
of polarization and the volume of the crystal irradiated, 
and E is a constant intensity term. The scattering from 
the (nnn) planes in simple cubic alkali halide crystals 
depends on the sum of the scattering from the alkali 
and halide atoms if n is even, and the difference if n is 
odd. 

If the intensities from the 222,333 and 444 reflections 
are measured, the ratios I333/I222 and Im/I444 depend 
on the f values and the Debye-Waller factors. The 
separate Debye-Waller factors W~ and WE can be 
found by varying them to fit both ratios. This method 
was used for the room-temperature results to provide 

a check on the accuracy of the more convenient 
method which follows. 

If values for intensities/sum and Ioirv can be found 
for the same diffraction angle 0, an expression for the 
structure factor ratios can be derived from (2) and (3), 
of the form: 

k/IstJM + V/Imvv f ,  exp(--Wl) (5) 
V/IsuM -- k/IDIFF -- f2 exp (--WE) 

This gives a value for the difference in the Debye-- 
Waller factors for the individual ions (W t - WE). If the 
intensity IstJM i s  expressed in terms of a mean Debye-- 
Waller factor W defined by: 

(.]'1 +f2) 2 exp ( - 2 W )  = I./'1 exp (--Wi) +f2 exp (--W2) 12, 
(6) 

then W z and W 2 can be found from: 

- -  f2 [ f l  exp (-- W,)] 
e x p [ - ( W - W z ) ] - f ,  +-------f2 ~ e x p ~ ]  + 1. 

IDIFF was measured for the 333 plane and a value 
of /sum for the same diffraction angle estimated from 
the results for the even-order planes in the nnn series. 
The elastic intensity Isu M can be written in the form: 

exp [ ] = - -  . (7) 

A graph ofln {l/[(f~ + f2)2p(O)]} against (sin 0/2) 2 will 
thus be a straight line, and if the scattered intensities 
for the (222), (444) and (666) planes are measured, an 
estimate of lsu M for the (333) planes at room temper- 
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Fig. 1. Temperature dependence of the mean Debye-Waller factor 
for KCI. • (400) plane results, O (600) plane results; 
harmonic theory (Reid & Smith, 1970), - - . - -  quasi-harmonic 
theory, - - - -  including additional T 2 term, • . . . .  with T 2 term 
found by including terms in T 3. 
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ature can be made from an extrapolation between them. 
The temperature dependence of the mean Debye-  
Waller factor was calculated from the (222) plane 
results, and this was then used to predict the temper- 
ature variation of Isv M for the 333 plane. Some error 
is involved because the temperature factor in (4) was 
derived by assuming a Gaussian distribution of inde- 
pendent vibrations, which is no longer applicable at 
high temperatures, where 

exp( -  W) = expt-½((Q. U) 2) + ~4 I((Q. U) 4) 

- 3((Q.  u)2)21} (8) 

but the effect of the term in Q4 upon the values for Isu M 
should be relatively small. The anharmonic terms were 
evaluated from the diffraction data for the n00 planes, 
and the results were analysed in terms of the model 
developed by Willis (1969). He treated the crystals as 
Einstein solids with a potential for the pth atom of the 
form: 

v . (u ,  = Vo + ½% u + ft. u,  + u '  

+ 60(U~ + U 4 + U42- ~U 4) (9) 
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Fig. 2. Temperature dependence of the mean Debye-Waller factor 
for NaCI: O (600) plane results, • (400) plane results, [] (200) 
plane results, • (222) plane results; . . . . . . .  harmonic theory, 
- - .  - -  quasi-harmonic theory, - - - -  including terms in T 2, - -  
including terms in T 3 (non-Gaussian). 

which yields an expression for the Debye-Waller factor 
of the form' 

V~rQ P -  Q2KT Q2(KT) 2 [3~G(--N)x lOOp] 

2 . .  + t . 3  l 

- -  7 " -  ' / d  ( 1 o )  ap (h 2 + + 

where the Gr/ineisen parameter ~,~(-2) describing the 
volume dependence of the second moment of the 
frequency distribution and the thermal expansion 
coefficient X make up a term describing the volume 
dependence of Wo. p, and h,k,l are the Miller indices of 
the scattering plane. An additional term proportional 
to T 2 contributes to the mean-square amplitude of the 
vibrations while the terms related to U 4 in (8) are 
proportional to T 3. For ease of comparison with other 
results (10) was rewritten in the form 

WO. - 2-- T + (m e + mlz) (Qd) 2 

(;) + m34(Qa) 4 (11) 

where d is the nearest-neighbour distance, m e is the 
thermal expansion correction, and mlz and m34 are the 
anharmonic terms in (U z) and (U4). 

Results and diseussion 

Crystals measuring 2.0 x 1.0 x 0.2 cm with faces 
parallel to the (100) and (111) planes were used for the 
experiments. These were lightly clamped to a stainless- 
steel plate within the furnace and annealed at about 
50 K below their melting points until a fairly constant 
state of perfection had been reached before any 
measurements were taken. 

For each crystal the temperature variations of the B 
factors (Figs. 1, 2, 3 and 4) were calculated from the 
scattering results after correcting for changes in the 
atomic scattering factor, the Lorentz-polarization 
factor and other expansion-sensitive terms. Estimates 
were made of the mean Debye-Waller factors at room 
temperature, and hence the mean Debye temperatures 
(Table 1) from fits of the results to the equation taking 
into account the effects of the thermal expansion term 
m e, as described by (3) of paper I, with values for 
7G(-2) derived by Barron, Leadbetter & Morrison 
(1964) to describe the volume dependence of the 
second moment of the frequency distribution for NaCI 
and KC1, and values estimated from the results of 
Collins & White (1964) for KBr and LiF. The values 
for the mean Debye-Waller factors for KC1, NaCI and 
LiF agreed fairly well with other experimental deter- 
minations, but the results for KBr are slightly larger, 
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Fig. 3. Temperature dependence of the mean Debye-Waller factor 
for KBr: O (200) plane results, [] (400) plane results, • (222) 
plane results; - - - -  harmonic theory ,  quasi-harmonic 
theory, - -  fit with additional term in T 2. 
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Fig. 4. Temperature dependence of the elastic scattering for 
LiF: • (400) plane results;  harmonic theory, 
quasi-harmonic theory, fit including negative term in T 2. 

possibly because of an undercorrection for the TDS in 
the X-ray experiments. 

The Debye-Waller factors for the individual ions 
were computed from the mean values by comparing the 
(222) and (333) plane intensities. The differences 
between the factors, were, however, rather larger than 
other determinations, which have been made by 
measuring the integrated intensities for a large number 
of reflections from a crystal held at a fixed temperature. 
The results suggested that, as the melting temperature 
was approached the vibrational amplitude of the lighter 
alkali ions increased more than those of the halide ions 
(Figs. 5, 6 and 7), so the optical vibrations may increase 
near the melting point. 

The intensity of scattering from all the planes in 
the h00 series, where all the atoms scatter in phase, is 
of the IstJM type in (2), so that only values for the mean 
Debye-Waller factors can be obtained. However, from 
the differences in the scattering curves for successive 
planes in the series, an estimate of the anharmonic 
contribution in U 4 can be made with a similar technique 
to that described in paper I. Using (8) to compare the 
mean Debye-Waller factors for two sets of parallel 
planes described by Q~ and Q2, at two temperatures 
Tand  T 0, Butt & Solt 1971 derived the expression 

, 1 
(Q ,d )2_ (QEd)2  [,[ (-Q~ ~/-) 2 j 

[ jj 
where D(T)  = ((U6)  - 3(U6)2)T/d 4. This, written in 
terms of the measured intensities IQ(T), has the form: 

1 
D(T) - D(To) = 

(Q, d) ~ - (O~ d) ~ 

[ 1 I,Qt(To)t 
x (Q, d) 2 In \ Io,(T) ] 

1 (/q2(T0))] 
(Q2d)---- i In \ IQ2(T) . 

In the analysis T o was taken as a reference temperature 
and the term D(T)  -- D ( T  o) evaluated from differences 
in the curves depicting the temperature dependences of 
{ln[Iq(To)/Iq(T)l }/(Qd) 2 for different reflections, shown 
in Figs. 1 and 2 for KCI and NaC1. Plots of D(T)  -- 
D(To) against (T/H)  3 (Figs. 8 and 9) confirmed the T 3 
dependence suggested by (11), and from the gradients 
the term m34 (Table 2) was calculated. The m34 
parameters for NaC1 and KC1 were much smaller than 
those found experimentally by Butt & Solt (1971) and 
Solt, Butt & O'Connor (1973), but their results were 
taken over a limited temperature range and the scat- 
tering from the (200) plane, which could be badly 
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Table 1. X-ray Debye temperature of the alkali hal±des at 300 K 

The symbols used to indicate the methods have the following meaning: Th theoretical, X X-ray, y y-ray, N neutron, SC single crystal, 
P powder, T temperature dependence, / integrated intensity measurements. 

Reference 

KCI 
Reid & Smith (1970) 
Patomaki & Linkoaho (1969) 
Viswamitra & Jayalakshmi Ramanuja (1972) 
Pathak & Trivedi (1973) 
Albanese et al. (1973) 
Cooper & Rouse (1973) 
Present results (400) 

(600) 
After subtracting (400) 

T 3 term (600) 
Fit to exp ( -  W) (200) 

NaCI 
Reid & Smith (1970) 
Merisalo & Paakari (1967) 
Linkoaho (1968) 
G6ttlicher (1968) 
Viswamitra & Jayalakshmi Ramanuja (1972) 
Butt et al. (1973) 
Present results (222) 

(200) 
(4oo) 
(6oo) 

KBr 
Reid & Smith (1970) 
Baldwin et al. (1965) 
Pryor (I 966) 

Merisalo & Inkinen (1967) 
Pathak & Trivedi (1973) 
Present results (222) 

(2oo) 
(4oo) 
(6oo) 

LiF 
Pryor (1966) 
Witte & W61fel (1958) 
Merisalo & Inkinen (1966) 
Killean et al. (1972) 
Howard & Khadake (1974) 
Present results (400) 

(6OO) 

Method B+ (A 2) B (A 2) O (K) 

Th 
X P I 
X S C  1 
X P T  
y S C T  
NSC I 
y S C  T 

1-962 2.068 
2-08±0.05 2-06±0-05 
2-16±0.02 2.16±0.02 

213 ± 8 
210 ± 1 
220 ± 3 
230 ± 3 

2 . 1 7 5 ± 0 . ~ 7  2.165±0.007 
1.87±0.2 2 .22±0.2  213±4  
2 .05±0.2  2-40±0.2 204±3 
1-72±0.2 2 .07±0.2  218±4  
1.74±0.2 2 .37±0.2  216±3 

240±20 

Th 1.582 1-371 
X P I 1.84 1.44 275 
X P I 1.81±0.03 1.49±0-03 274 
X S C ' I  1.89 1.61 265 
X S C  T 1.59±0.08 1.37±0.05 286±3-5 
N P I 1-70±0.10 1.44±0.03 
y SC T 1.98±0.1 1.26±0.1 2 8 1 ± 4  

2.16±0.1 1 - ~ ± 0 . 1  266±4  
2.12±0.1 1.40±0.1 269±4  
2.48±0.15 1.70±0.1 244±6  

2.302 2 .5~  

2.20±0.10 2 .28±0.10 
2.17±0.30 2.67±0.30 
2.45±0.15 2.23±0-15 

2 .29±0.2  2.70±0-2 
2 .25±0.2  2 .66±0.2  
2 .19±0.2  2 .60±0.2  
2 .59±0.4  3-00±0.4 

Th 
X P T  
NSC I 
N P I 
X P I 
X P Y 
y S C T  

163 
161 + 4 
152 + 10 
159+5 
160+2 
149 + 4 
150+ 4 
152+4 
142 + 8 

Th 
X S C  I 
X P 1  

y S C  T 

0.91 0-73 617 
1.10 0.67 614 
1.11 + 0.03 0.71 + 0.03 613 
0.96 0-66 

1.011 + 0.006 0.683 + 0.003 
1.675 + 0.3 0.50 + 0.2 630 + 8 
1.672 + 0.3 0.53 + 0.2 616 + 20 

affected by extinction, was used. Moreover, the present 
values agree with theoretical values quoted in the above 
papers (Table 2). When the term in T 3 was included 
in a fit of the data to (11) a closer approximation could 
be obtained for the temperature dependence, but still 
no account could be taken of the term m~2 describing 
the anharmonic component of (U2). As the statistical 
errors in the scattering results were too large to deter- 
mine the magnitude of both the T and T 2 components 
from a computer fit of the data, it was decided instead 
to use theoretical values for the harmonic Debye-  
Waller factors and determine the component in T 2 from 
a fit of the data, because a number of detailed calcu- 
lations have been carried out for various harmonic 

models. The data of Reid & Smith (1970) were chosen 
for the purpose, and this yielded a smaller value for the 
m lz parameter for KC1 than had been found in previous 
experimental or theoretical treatments, suggesting that 
the m34 term might have been overestimated here, but 
the values for NaCI tallied reasonably well (Table 2). 
For KBr (Fig. 8) both terms are small, and indeed, the 
earlier X-ray results which give a smaller Debye-  
Waller factor make the miz term negative. This is also 
the case for LiF, but the theoretical calculations of the 
harmonic factor used in this fitting are less sophisticated 
than those for the other materials. The measurements 
from the (400) plane of LiF (Fig. 9) demonstrate clearly 
the e x p ( - W )  temperature dependence caused by 
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extinction when compared with those of the exp ( - 2  IV) 
type shown by the 600 reflection for the same crystal. 

The formulation developed by Willis (1969) in (10) 
allows the coefficients y and ~ in the potential equation 
to be calculated from a knowledge of ml2 and m34, 
and these are listed for the alkali halides studied in 
Table 3. The results for NaC1 seemed to imply that the 
222 plane had a much lower Debye-Waller factor than 
the n00 planes. The m34 term, however, varies with 
crystallographic direction and since y and ~ have been 
evaluated from the n00 set of planes, the value of m34 
can be predicted for the nnn set with (10). This showed 

that the m34 term in fact made a negative contribution 
to W for the (nnn) planes, tying up the two sets of 
results surprisingly well (Fig. 2). Because of the 
approximate nature of the model, the result may be 
somewhat fortuitous; but it does supply strong evidence 
for the existence of quite large anharmonic con- 
tributions, which may account for some of the large 
discrepancies occurring in earlier N aC1 measurements. 

The variation in the magnitudes of the anharmonic 
terms in the different alkali halides allows no simple 
conclusions and implies that detailed theoretical 
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Fig. 5. Temperature variation of the Debye-Waller factors for the 
individual ions in NaCI: • BNa, O Bcl. 
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Fig. 6. Temperature variation of the Debye-Waller factors for the 
individual ions in KBr: • B K, O Bsr; - - - -  harmonic theory 
(Reid & Smith, 1970). 
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Fig. 7. Temperature variation of the Debye-Waller factors for the 
individual ions in LiF: •BLi , O B: 
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Fig. 8. The non-Gaussian contribution to the Debye-Waller factor 
for KCI. 
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T a b l e  2. A nharmonic  D e b y e - W a l l e r  f ac tor  parameters  f o r  the alkali  halides 

Other experimental 
measurements 

Anharmonic 
theory 

0.39 x I0 -4a 
1.59 x I0 -4/. 

Present results 

KC1 m e + ml2 (0.79 + 0.04) x 10 -4 

m12 (0.40 + 0.04) x 10 -4 0.79 × 10 -4b 
0.45 x 10 -4c 

(0.16 _+ 0.06) x 10 -4 0.79 x 10 -4a 
including T 3 term 1.05 x 10 -4e 

m34 (3.0 + 1.0) X 10 -s (400)/(600) (1.0 + 0.4) X l0 -6g 2.58 X 10 -sg 

NaCI m e+m n (1.11 +0.1)  x 10 -4 (222) 
(1.91 + O. 1) x 10 -4 (hO0) 
(0.12 + 0.1) x lO -4 (222) 1.0 x 10 -4b 
(0.92 + 0.1) x 10 -4 (h00) 1.77 x 10 -4c 
(4.1 + 1.0) x 10 -8 (200)/(400) 2.4 x 10 -l°h 
(5.8 + 1.0) × 10 -8 (400)/(600) 
(5.2 + 1.0) x 10 -8 (200)/(600) 
(5.0 + 0-5) x 10 -8 (Mean) 
-18 .6  x 10 -8 (222) 

KBr m e + m12 (0.49 + 0.03) x 10 -4 0.208 x 10 -41 0.27 × 10 -4a 
0.91 x 10 -4 f  

mr2 (0.22 + 0.03) x 10 -4 --0"139 X 10 -4j 0-348 X 10 -4/. 
0"418 X 10 -4k 

LiF m e + ml2 (2.75 + 0.4) x 10 -4 4.93 x 10 -4a 
11.242 x 10 -4/. 

ml2 -(2.18 + 0.4) x 10 -4 0.572 X 10 -4/. 
m34 (2.3 + 1.0) x 10 -6 (400)/(600) 

0.985 × I0 -4a 

2-88 x I0 -4f 

0-72 x I0 -4f 

m34 1.17 x 10 -Th 

References: (a) Quasi-harmonic theory. (b) Butt, Cheetham & Willis (1973). (c) Viswamitra & Jayalakshmi Ramanuja (1972). (d) Willis 
(1969) from results of James & Brindley. (e) Cooper & Rouse (1973) from measurements of scattering peaks at one temperature. (f)  
Kashiwase (1965). (g) Scott, Butt & O'Connor (1973). (h) Butt & Solt (1971). (/) Baldwin, Pearman & Tompson (1965). (]) Chandra, 
Prakash & Hemkar (1972) from Baldwin's results. (k) Cowley & Cowley (1966). 

e v a l u a t i o n s  w o u l d  h a v e  to  be ca r r i ed  ou t  for  e a c h  one  
to give a r e a s o n a b l e  p ic ture .  T h e  genera l  t r e a t m e n t  used  
by K a s h i w a s e  (1965)  yie lds  t e rms  o f  s imi lar  sign a n d  
m a g n i t u d e  for  all the  alkal i  hal ides .  T h e  fact  tha t  the  
t e r m s  are  small  a n d  m a y  be nega t ive  impl ies  tha t  the  
c o n t r i b u t i o n s  f rom the cub ic  and  qua r t i c  t e rms  in the  
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Fig. 9. The non-Gaussian contribution to the Debye-Waller factor 
for NaCI. 

T a b l e  3. Anharmon ic  coefficients o f  the potent ial  
energy derived f r o m  the model  by Willis (1969)  

st y 6 
( × 1 0 1 2 ~  -2) (×1012,/k -4) ( × 1 0 1 2 A  -4) 

KCI 1.64 --0.19 + 0.02 
KC1 including T 3 term 1.64 -0 .08  + 0.03 1.4 + 0.4 
NaCI 2.24 -0-51 + 0-06 1.8 + 0.6 
KBr 1.345 --0-14 + 0-02 0-8 + 0.4 
LiF 4.10 +0 .83+0 .15  1 . 4 + 0 . 6  

po ten t ia l  e n e r g y ,  w h i c h  t end  to  c a n c e l  in the  
eva lua t ions ,  m a y  be f inely b a l a n c e d .  WiUis 's  (1969)  
m o d e l  w h i c h  uses  an  Eins te in  f r e q u e n c y  d i s t r ibu t ion ,  
avo ids  this  c a n c e l l a t i o n  a t  least  in the  T 2 t e r m s  a n d  the  
resul ts  sugges t  t ha t  the  an i so t rop i c  U 4 m a y  be  l a rge r  
t h a n  the  i so t rop ic  (Tab le  3). 

Conclusion 

T h e  app l i ca t i on  o f  the  M 6 s s b a u e r  effect  in s e p a r a t i n g  
the  elast ic  s ca t t e r ing  p e a k s  f r o m  the  T D S  enab le s  
a c c u r a t e  m e a s u r e m e n t s  o f  the  D e b y e - W a l l e r  f ac to r s  to 
be m a d e .  T h e  s c a t t e r e d  intensi t ies  f r o m  a n u m b e r  o f  
p l anes  we re  m e a s u r e d  for  KC1,  NaC1,  K B r  a n d  L iF  
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from room temperature up to their melting points and 
from this, the vibrational amplitudes of the individual 
ions calculated and estimates made of parameters 
arising from the non-Gaussian distribution of  the 
thermal displacements at high temperatures. 
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Successive Refinement of Structures with Data of Increasing Resolution: 
A Theoretical Study for Triclinic Space Groups 

BY S. PARTHASARATHY 

Molecular Biophysics Unit,* Indian Institute of  Science, Bangalore-560012, India and 
Department o f  Crystallography and Biophysics,~ University o f  Madras, Guindy Campus, Madras-600 025, India 
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The method of least squares could be used to refine an imperfectly related trial structure by adoption of 
one of the following two procedures: (i) using all the observed at one time or (ii) successive refinement 
in stages with data of increasing resolution. While the former procedure is successful in the case of trial 
structures which are sufficiently accurate, only the latter has been found to be successful when the 
mean positional error (i.e. (IArl)) for the atoms in the trial structure is large. This paper makes a theoretical 
study of the variation of the R index, mean phase-angle error, etc. as a function of (IArl) for data 
corresponding to different resolutions in order to find the best refinement procedure [i.e. (i) or (ii)] 
which could be successfully employed for refining trial structures in which (IArl) has large, medium and 
low values. It is found that a trial structure for which the mean positional error is large could be refined 
only by the method of successive refinement with data of increasing resolution. 
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